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ALGEBRAIC EXTENSIONS OF GLOBAL FIELDS WITH
ONE-DIMENSIONAL LOCAL CLASS FIELD THEORY
I.D. CHIPCHAKOV
Abstract. Let E be an algebraic extension of a global field E0 with a
nontrivial Brauer group Br(E), and let P (E) be the set of those prime
numbers p, for which E does not equal its maximal p-extension E(p).
This paper shows that E admits one-dimensional local class field the-
ory if and only if there exists a system V (E) = {v(p) : p ∈ P (E)} of
(nontrivial) absolute values, such that E(p) ⊗E Ev(p) is a field, where
Ev(p) is the completion of E with respect to v(p). When this occurs,
we determine by V (E) the norm groups of finite extensions of E, and
the structure of Br(E). It is also proved that if P is a nonempty set of
prime numbers and {w(p) : p ∈ P} is a system of absolute values of E0,
then one can find a field K algebraic over E0 with such a theory, so that
P (K) = P and the element κ(p) ∈ V (K) extends w(p), for each p ∈ P .
Introduction
The purpose of this paper is to characterize the fields pointed out in
the title as well as to describe the norm group N(R/E) of an arbitrary
finite extension R of such a field E, and to determine the structure of the
Brauer group Br(E). When Br(E) 6= {0}, our research proves the validity
of the Hasse principle for norm form polynomials of R/E. It shows that
N(R/E) = N(Φ(R)/E), for some finite abelian extension Φ(R) of E (by
[10], Theorem 1.2, this is not necessarily true when E is an arbitrary field
admitting one-dimensional local class field theory (abbr, LCFT)). The field
Φ(R) is uniquely determined up-to an E-isomorphism by the local behaviour
of R/E at the elements of a certain characteristic system {v(p) : p ∈ P (E)}
of absolute values of E, indexed by the set P (E) of those prime numbers
p, for which E is properly included in its maximal p-extension E(p) in a
separable closure Esep of E (see Theorems 2.1 and 2.3). The extension
Φ(R)/E is subject to the classical local reciprocity law, i.e. the quotient
group of the multiplicative group E∗ by N(Φ(R)/E) is isomorphic to the
Galois group G(Φ(R)/E). At the same time, this paper proves that if E0
is a global field and P is a set of prime numbers, then the class ΩP (E0) of
algebraic extensions Σ of E0, which admit LCFT and satisfy the equality
P (Σ) = P , is nonempty. It shows that each K ∈ ΩP (E0) includes as a
subfield a unique minimal element R(K) of ΩP (E0) (see Theorem 2.2 and
Corollary 4.4). The established properties of the elements of ΩP (E0) extend
the arithmetic basis of LCFT and thereby allow one to determine the scope
Key words and phrases. strictly primarily quasilocal field, field admitting one-
dimensional local class field theory, abelian extension, norm group, Brauer group, cyclic
algebra. MSC 2010 Subject Classification: 12F10; 12J10 (primary): 11R21; 11S31.
The author was partially supported by Grant MI-1503/2005 of the Bulgarian NSF.
1
of validity of the norm limitation theorem in LCFT (cf. [7], Sect. 4, and
[10], Theorem 1.1 (ii) and Remark 3.3).
Note that a field E is said to admit LCFT, if its finite abelian exten-
sions in Esep are uniquely determined by their norm groups, and for each
pair (M1,M2) of such extensions, the norm group over E of the composi-
tum M1M2 is equal to the intersection N(M1/E) ∩N(M2/E) and N(M1 ∩
M2/E) = N(M1/E)N(M2/E). Clearly, this is the case if and only if E
admits local p-class field theory (i.e. finite abelian extensions of E in E(p)
have the same properties), for each p ∈ P (E). By [9], Theorem 3.1, E
admits local p-class field theory, for a given p ∈ P (E), if the p-component
Br(E)p of Br(E) is nontrivial, and E is a p-quasilocal field, i.e. its cyclic
extensions of degree p are embeddable as E-subalgebras in each central divi-
sion E-algebra of Schur index p. By [9], Remark 3.4 (ii), the converse holds
when E is an algebraic extension of a global field E0. Then E admits LCFT
if and only if it is a strictly primarily quasilocal field (a strictly PQL-field),
i.e. E is p-quasilocal with Br(E)p 6= {0}, for every p ∈ P (E). As noted
above, the main results of the present paper are obtained by characterizing
several types of such fields in terms of valuation theory and thereafter by a
local-to-global approach.
Throughout the paper, algebras are assumed to be associative with a unit,
simple algebras are supposed to be finite-dimensional over their centres,
Brauer groups of fields are viewed as additively written, and Galois groups
are regarded as profinite with respect to the Krull topology. The set of prime
numbers is denoted by P, and for any abelian torsion group T , Tp stands for
the p-component of T , for each p ∈ P. Absolute values of fields are supposed
to be nontrivial, and for each algebra A, the considered subalgebras of A
contain its unit. As usual, a field E is called formally real, if −1 is not
presentable over E as a finite sum of squares; we say that E is a nonreal
field, otherwise. In what follows, M(E) denotes a system of representatives
of the equivalence classes of absolute values of E, and for each n ∈ N, E∗n =
{αn : α ∈ E∗}. For any field extension Φ/E, I(Φ/E), Br(Φ/E) and ρΦ/E
denote the set of intermediate fields of Φ/E, the relative Brauer group of
Φ/E, and the scalar extension map of Br(E) into Br(Φ), respectively. When
Φ/E is finite, we write P (Φ/E) for the set of all p ∈ P dividing the degree
[Φ: E]. The class of central simple E-algebras is denoted by s(E), d(E)
stands for the class of division algebras ∆ ∈ s(E), and for each A ∈ s(E),
[A] is the equivalence class of A in Br(E). By a group formation, we mean
a nonempty class χ of finite groups satisfying the following conditions:
χ is closed under the formation of subgroups and homomorphic images;
If G is a finite group, and H1, H2 are normal subgroups of G, such that
G/Hj ∈ χ: j = 1, 2, then G/(H1 ∩H2) ∈ χ.
The group formation χ is called abelian closed, if it is closed under the
formation of subgroups, finite direct products and group extensions with
abelian kernels (for examples of such formations, see, e.g., [10], Remark 6.1).
When this occurs, χ is saturated, i.e. a finite group G lies in χ, provided that
G/Φ(G) ∈ χ, where Φ(G) is the Frattini subgroup of G. Our terminology
in valuation theory, simple algebras, Brauer groups and abstract abelian
groups is standard (as used, e.g., in [3]; [22]; [4]; [27]; [25] and [16]), as well
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as the one concerning profinite groups, Galois cohomology, field extensions
and Galois theory (cf. [28]; [20]; [21] and [22]).
The paper is organized as follows: Section 1 includes preliminaries on
algebraic extensions of a global field E0, used in the sequel. The main
results of the paper are stated in Section 2, and proved in Sections 3, 4
and 5. Section 3 presents a characterization of the p-quasilocal fields in the
class of algebraic extensions of E0, and a proof of the local reciprocity law
for strictly PQL-fields algebraic over E0. In Section 4, we characterize the
minimal algebraic strictly PQL-extensions of E0, and we describe the Brauer
groups of strictly PQL-fields algebraic over E0. In Section 5 we prove the
Hasse norm theorem for a finite Galois extensionM/E, where E ∈ I(E0/E0)
and the group pBr(E) = {b ∈ Br(E) : pb = 0} is finite, for every p ∈ P (E).
This, applied to the case where E is strictly PQL, allows us to establish the
claimed properties of norm groups of E.
1. Preliminaries on the local behaviour of algebraic
extensions of global fields
Let E0 be a global field, E0 an algebraic closure of E0 and A be a finite
dimensional E-algebra, for some E ∈ I(E0/E0). Suppose that B is a basis
of A, Σ is a finite subset of A, Σ1(B) is the set of structural constants of A,
and Σ2(B) is the one of coordinates of elements of Σ, relative to B. Then
the extension E1 of E0 generated by the union Σ1(B)∪Σ2(B) is finite, and
the following statements are true (cf. [P, Sect. 9.2, Proposition c]):
(1.1) (i) The subring A1 of A generated by E1 ∪B is an E1-subalgebra of
A, such that the E-algebras A1 ⊗E1 E and A are isomorphic and Σ ⊆ A1;
(ii) If A/E is a Galois extension and Σ contains the roots in A of the
minimal polynomial over E0 of a given primitive element of A/E, then
A1/E1 is Galois with G(A1/E1) ∼= G(A/E) (canonically);
(iii) If A ∈ d(E), then Σ can be chosen so that A1 ∈ d(E1), exp(A1) =
exp(A) and ind(A1) = ind(A).
Statement (1.1) enables one to generalize some known properties of central
division algebras over global fields and local fields, as follows:
(1.2) If E0 is a global or locally compact field and E ∈ I(E0/E0), then
every D ∈ d(E) is cyclic with ind(D) = exp(D); in addition, if E0 is locally
compact, then ρE0/E is surjective.
An absolute value v of a field E is said to be χ-Henselian with respect
to a group formation χ, if v is nonarchimedean and uniquely extendable
to an absolute value of the compositum E(χ) of finite Galois extensions of
E in Esep with Galois groups belonging to χ (or, equivalently, if v extends
uniquely on each finite Galois extension M of E with G(M/E) ∈ χ). It
follows from Galois theory and general properties of valuation prolongations
(cf. [3], Ch. VI) that E is χ-Henselian if and only if it is χ¯-Henselian,
where χ¯ is the minimal saturated group formation including χ. This allows
us to restrict our considerations of χ-Henselity to the special case where
χ is saturated. When χ is the formation of p-groups, for a given p ∈ P,
the valuation v is called p-Henselian. We say that v is Henselian, if it
3
has a unique prolongation vF on each F ∈ I(E/E), i.e. if v is Henselian
with respect to the formation of all finite groups. It is known [12], [29],
that in this case, every finite dimensional division E-algebra has a valuation
extending v (we also denote it by v). The following statements describe some
basic relations between central division algebras over a Henselian valued
field (E, v), and the corresponding algebras over the completion Ev (see, for
example, [8]):
(1.3) (i) The completion Dv of each finite dimensional division E-algebra
D with a centre Z(D) ∈ I(Esep/E) is Ev-isomorphic to D ⊗E Ev;
(ii) The mapping ρE/Ev is an isomorphism;
(iii) A finite separable extension L of E embeds in an algebra U ∈ d(E)
if and only if Lv embeds in Uv over Ev.
When v is Henselian, finite extensions of Ev in Ev,sep can be characterized
as follows (cf. [3], Ch. VI, Sect. 8, No 2, Cor. 2, and [8]):
(1.4) Every finite separable extension L of Ev is Ev-isomorphic to L˜v,
where L˜ is the separable closure of E in L. In order that L/Ev is a Galois
extension it is necessary and sufficient that so is L˜/E; when this holds,
G(L/Ev) ∼= G(L˜/E).
The presented results will usually be applied to the case of an algebraic
extension E of a local field E0. It is well-known that the natural absolute
value, say v0, of E0 is Henselian, whence its unique prolongation v on E
preserves this property. Also, it follows from (1.1) and the classical local
class field theory (cf. [4], Ch. VI, Sect. 1) that finite extensions of E and
central division E-algebras are related as follows:
(1.5) (i) A finite extension L of E embeds in an algebra ∆ ∈ d(E) if and
only if [L : E] divides ind(∆); [∆] ∈ Br(L/E) if and only if ind(∆) | [L : E];
(ii) The mapping ρE0/E is surjective;
(iii) The fields E and Ev admit local p-class field theory, for a given
p ∈ P (E), if and only if Br(E)p 6= {0}; in order that Br(E)p = {0} it is
necessary and sufficient that E contains as a subfield an extension En of E
of degree divisible by pn, for each n ∈ N:
(iv) If Br(E)p 6= {0}, then there existsKp ∈ I(E/E0), such that [Kp : E0] ∈
N and p † [L : Kp], for any L ∈ I(E/Kp) with [L : Kp] ∈ N; also, ρKp/E maps
Br(Kp)p bijectively on Br(E)p; in particular, Br(E)p is isomorphic to the
quasicyclic p-group Z(p∞), i.e. to the p-component of the quotient group
Q/Z of the additive group of rational numbers by the subgroup of integers.
The following lemma is essentially a special case of the Grunwald-Wang
theorem [30], (see also [1], Ch. 10, Theorem 5, and [24]).
Lemma 1.1. Assume that E is an algebraic extension of a global field E0,
{v1, ..., vt} is a finite subset of M(E), F˜1, ..., F˜t are cyclic extensions of
Ev1 , ..., Evt , respectively, of degrees not divisible by 4, and n = l.c.m.{[F˜i :
Evi ] : i = 1, ..., t}. Then there is a cyclic extension F/E with [F : E] = n
and Fv′i
∼= F˜i over Ev whenever i ∈ {1, ..., t}, v′i ∈M(F ) and v′i extends vi.
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Proof. It follows from Krasner’s lemma (cf. [23], Ch. II, Proposition 3) that
each F˜i/Evi , i ≤ t, has a primitive element say αi that is algebraic over
the closure of E0 in Evi . Hence, by (1.1) (ii), I(E/E0) contains a finite
extension L of E0, whose absolute values w1, ..., wt induced by v1, ..., vt,
respectively, are pairwise nonequivalent, and for each i ≤ t, there exists an
Evi-isomorphism F˜i
∼= Φ˜i⊗Lwi Evi , for some cyclic extension Φ˜i of Lwi in F˜i
(with [Φ˜i : Lwi ] = [F˜i : Evi ]). By Grunwald-Wang’s theorem, L has a cyclic
extension Φ of degree n with Φw′i
∼= Φ˜i over Lwi whenever i ∈ {1, ..., t},
w′i ∈ M(Φ) and w′i extends v. It is now easy to see that Φ ⊗L E := F is a
field with the properties required by Lemma 1.1. 
The generalization of the Grunwald-Wang theorem for independent abso-
lute values of arbitrary fields, contained in [LR], enables one in conjunction
with Galois theory to deduce the following result:
(1.6) If E is a field and v1, v2 are Ω-Henselian absolute values of E, where
Ω is an abelian closed group formation containing finite p-groups whenever
p ∈ P and there exists Λp ∈ Ω of order divisible by p, then v1 and v2 are
equivalent unless E(Ω) = E.
Let now E0 be a global field, E ∈ I(E0/E0), v ∈ M(E), v0 the absolute
value of E0 induced by v, Ev a completion of E with respect to v, v¯ the
absolute value of Ev continuously extending v, E
′
0 the closure of E0 in Ev,
E′ = E.E′0, v
′ the absolute value of E′ induced by v¯, and p a prime number.
Applying (1.4) and (1.5), one obtains the following:
(1.7) (i) E′/E′0 is an algebraic extension and E
′
0 is a completion of E0
with respect to v0; in particular, E
′
0 is isomorphic to R, C or a local field;
(ii) If v is archimedean, then Ev is isomorphic to R or C; hence, Br(E
′) =
{0} unless p = 2 and Ev ∼= R;
(iii) If v is nonarchimedean, then v′ is Henselian; it induces on E′0 the
continuous prolongation of v0;
(iv) The absolute Galois groups GE′ and GEv are continuously isomorphic,
and ρE′/Ev is an isomorphism.
Next we present (slightly generalized) a part of the classical Brauer-Hasse-
Noether-Albert theorem (see [31], Ch. XIII, Sects. 3 and 6).
Proposition 1.2. Let E0 be a global field and E algebraic extension of E0.
Then ρE/Ev is surjective, for each v ∈ M(E), and the homomorphism of
Br(E) into the direct sum ⊕v∈M(E) Br(Ev) mapping, for each A ∈ s(E), [A]
into the sequence [A⊗E Ev] : v ∈M(E), is injective.
Proof. Our latter assertion is a special case of [11], Lemma 3.3. For the
proof of the former one, fix an absolute value v ∈M(E) as well as an algebra
∆ ∈ d(Ev), and denote by E′0 and E′ the fields from I(Ev/E0) defined in
(1.7). By (1.7) (iv), there exists an Ev-isomorphism ∆ ∼= ∆˜ ⊗E′ Ev, for
some ∆˜ ∈ d(E′), uniquely determined up-to an E′-isomorphism, and by
(1.2), [∆˜] = [∆˜0 ⊗E′0 E′], in Br(E′), for a suitably chosen ∆˜ ∈ d(E′0). Using
consecutively (1.7) (i) and the description of Br(E0) by class field theory
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(see, e.g., [31], Ch. XIII, Sect. 6), one obtains the existence of an algebra
∆0 ∈ d(E0), such that [∆0 ⊗E0 E′0] = [∆˜0] (i Br(E′0)). These observations
and the general behaviour of tensor products under scalar extensions (cf.
[27], Sect. 9.4, Corollary a) indicate that [∆] = [(∆0 ⊗E0 E) ⊗E Ev], in
Br(Ev), which proves the former assertion of Proposition 1.2. 
Applying (1.7) (ii), Proposition 1.2 and the latter part of (1.5) (iii), one
proves the following result of Fein and Schacher [13], Sect. 2, Theorem 4):
(1.8) If E0 is a global or local field, E ∈ I(E0/E0) and Br(E)p = {0}, for
some p ∈ P, then Br(E1)p = {0}, for every E1 ∈ I(E0/E).
Lemma 1.3. Let F be a field, w ∈ M(F ), M/F a Galois extension, and
Pw(M) the set of prolongations of w on M . Then the action of G(M/F ) on
Pw(M) by the rule v → v ◦ ϕ : ϕ ∈ G(M/F ), v ∈ Pw(M), is transitive.
Proof. The assertion is well-known in case [M : F ] ∈ N (cf. [22], Ch. IX,
Proposition 11), so we assume that [M : F ] =∞. Fix prolongations v1 and
v2 of w on M , denote by Σ(M/F ) the set of finite Galois extensions of
F in M , and for each L ∈ Σ(M/F ), let v1(L) and v2(L) be the absolute
values of L induced by v1 and v2, respectively. We show that the sets
P (L) = {σ ∈ G(M/F ) : σ(v1) extends v2(L) are closed, for all L ∈ Σ(M/F ),
and their intersection P is nonempty. It follows from Galois theory that
P (L) is a coset of a subgroup UL of G(M/F ) including G(M/L), for each
L ∈ Σ(M/F ). Observing also that P (L1...Ls) ⊆ ∩sj=1P (Lj) whenever s ∈ N
and L1, ..., Ls ∈ Σ(M/F ), one obtains from the compactness of G(M/F )
that P 6= φ. Since g(v1) = v2, for every g ∈ P , this proves Lemma 1.3. 
2. Statements of the main results
It is clear from Galois theory and the general description of relative Brauer
groups of cyclic extensions [P, Sect. 15.1, Proposition b] that a field E with
Br(E) = {0} is strictly PQL if and only if P (E) = φ, i.e. E does not possess
proper abelian extensions. The following result characterizes the strictly
PQL-fields E with P (E) 6= φ in the set I(E0/E0), for a global field E0:
Theorem 2.1. Let E0 be a global field and E an extension of E0 in E0,
such that P (E) 6= φ. Then the following conditions are equivalent:
(i) E is a strictly PQL-field;
(ii) For each p ∈ P (E), Br(E)p 6= {0} and there exists an absolute value
v(p) of E, such that the tensor product E(p)⊗E Ev(p) is a field.
When these conditions hold, v(p) is uniquely determined, up-to an equiva-
lence, for each p ∈ P (E). Moreover, ρE/Ev(p) maps Br(E)p bijectively on
Br(Ev(p))p, and E(p)⊗E Ev(p) ∼= Ev(p)(p) as Ev(p)-algebras.
Definition 1. Under the hypotheses of Theorem 2.1, a system of absolute
values of E is called characteristic, if it is subject to the restrictions in (ii).
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Theorem 2.1, Proposition 1.2 and statements (1.7) (iv) and (1.8) indicate
that if E is an algebraic extension of a global field E0, F ∈ I(E/E0), and
for each p ∈ P (E), w(p) is the absolute value of F induced by v(p), then
the groups Br(F )p and Br(Fw(p))p are nontrivial. Therefore, our research
concentrates on the study of the following class of fields:
Definition 2. Let E0 be a global field, F an extension of E0 in E0 with
Br(F ) 6= {0}, P a nonempty set of prime numbers p, for which Br(F )p 6= {0}
and {w(p) : p ∈ P} a system of absolute values of F , such that Br(Fw(p))p 6=
{0}. Denote by Ω(F,P,W ) the set of all E ∈ I(E0/F ) with the following
properties:
(i) E is a strictly PQL-field and P (E) = P ;
(ii) E possesses a characteristic system {v(p) : p ∈ P} (of absolute values),
such that v(p) is a prolongation of w(p), for each p ∈ P .
Our main results about Ω(F,P,W ) can be stated as follows:
Theorem 2.2. With assumptions and notations being as above, Ω(F,P,W )
is a nonempty set, for which the following assertions hold true:
(i) Every E ∈ Ω(F,P,W ) possesses a unique subfield R(E) that is a
minimal element of Ω(F,P,W );
(ii) The Galois closure over F of any minimal element E of Ω(F,P,W )
has a prosolvable Galois group; furthermore, E is presentable as a union
∪∞n=1Kn, where K1 = E and Kn+1 is an intermediate field of the maximal
extension of Kn in Esep with a pronilpotent Galois group;
(iii) If E is a minimal element of Ω(F,P,W ), p ∈ P and Fw(p) is the
closure of F in Ev(p), then the degrees of finite extensions of Fw(p) in Ev(p)
are not divisible by p;
(iv) For each linearly ordered subset Λ of Ω(F,P,W ), the intersection
∩L∈ΛL lies in Ω(F,P,W ).
Let E0 be a global field, E ∈ I(E0/E0) and R a finite extension of E.
An element α ∈ E∗ is called a local norm of R/E, if α ∈ N(Rv′/Ev), for
every absolute value v of E, and each prolongation v′ of v on R. Denote by
Nloc(R/E) the multiplicative group of local norms of R/E. As it turns out,
when E is a strictly PQL-field, Nloc(R/E) is a subgroup of N(R/E) and
both are determined by the local behaviour of R/E.
Theorem 2.3. Let E0 be a global field, E ∈ I(E0/E0) a field admitting
LCFT with P (E) 6= φ, and V = {v(p) : p ∈ P (E)} a characteristic system
of E. Also, let R be a finite separable extension of E in E0, M a normal
closure of R in E0 over E, and Π(M/E) = P (M/E) ∩ P (E). Then there
exist abelian finite extensions F1 and F2 of E in E0, and a real number
ε > 0, for which:
(i) N(F1/E) = N(R/E), N(F2/E) = Nloc(R/E), F1 ⊆ F2 and [F1 : E] is
not divisible by any prime number out of Π(M/E); the groups E∗/N(R/E)
and E∗/Nloc(R/E) are isomorphic to G(F1/E) and G(F2/E), respectively;
(ii) F1 = F2, provided that G(M/E) is nilpotent or Π(M/E) = φ; in the
latter case, F1 = F2 = E;
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(iii) If Π(M/E) 6= φ, p ∈ Π(M/E) and Σp is the set of prolongations of
v(p) on R, then the maximal p-extension of E in F1 equals the intersection
∩v(p)′∈ΣpA(v(p)′), where A(v(p)′) is the abelian p-extension of E in E0 with
the property that A(v(p)′) ⊗E Ev(p) is isomorphic as an algebra over Ev(p)
to the maximal abelian p-extension of Ev(p) in Rv(p)′ ;
(iv) With assumptions being as in (iii), the maximal p-extension of E in
F2 equals the compositum of the fields A(v(p)
′) : v(p)′ ∈ Σp.
Theorem 2.3 and our next result are proved at the end of Section 5.
Proposition 2.4. With assumptions being as in Theorem 2.3, let f be a
norm form of the extension R/E, and c an element of E∗. Then the equation
f = c has a solution over E if and only if it is solvable over Ev(p), for
every p ∈ Π(M/E); in particular, this is true, if v(p)(c − 1) < ε, for each
p ∈ Π(M/E), provided that ε > 0 is a sufficiently small number.
Remark 2.5. It is well-known that if E is an algebraic extension of a global
field of characteristic q > 0, and Eq = {eq : e ∈ E}, then [E : Eq] is equal
to 1 or q. This implies that if R/E is a finite extension and R0 is the
separable closure of E in R, then N(R/R0) = R
∗
0 and N(R/E) = N(R0/E),
i.e. N(R/E) can be fully described by applying Theorem 2.3. One also sees
that norm forms of R/E are subject to Hasse’s principle.
The following statement shows the validity the Hasse norm principle for
finite Galois extensions of strictly PQL-fields.
Proposition 2.6. Assume that E0 is a global field, E is an algebraic strictly
PQL-extension of E0, P (E) 6= {φ} and V = {v(p) : p ∈ P (E)} is a char-
acteristic system of E. Also, let M be a finite Galois extension of E in
E0, and let Π(M/E) = P (M/E) ∩ P (E). Then there exists a finite abelian
extension M˜ of E satisfying the following conditions:
(i) N(M˜/E) = N(M/E) = Nloc(M/E);
(ii) [M˜ : E] | [M : E]; in particular, M˜ = E in case Π(M/E) = φ;
(iii) For each p ∈ P (M˜/E) and any absolute value v(p)′ of M extending
v(p), the maximal abelian p-extension of Ev(p) in Mv(p)′ is Ev(p)-isomorphic
to M˜p ⊗E Ev(p), where M˜p = M˜ ∩E(p).
The field M˜ is uniquely determined by M , up-to an E-isomorphism.
Proof. This follows from Theorem 2.3, Proposition 2.4 and Lemma 1.3. 
Under the hypotheses of Proposition 2.6, one obtains from Theorem 2.1
and Galois theory thatM0 ⊆ M˜ , whereM0 is the maximal abelian extension
of E in M . In addition, it becomes clear that M˜ = M0, provided that
G(M/E) is nilpotent. This is not necessarily true when G(M/E) ∼= G, for
any given nonnilpotent finite group G (cf. [7], Sect. 4). Also, Proposition
2.6 shows that the index |E∗ : N(M/E)| divides the order o(G) of G and is
divisible by |G : [G,G]|, [G,G] being the commutator subgroup of G. The
concluding result of this Section characterizes those G, for which M can be
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chosen so that G(M/E) ∼= G and |E∗ : N(M/E)| = o(G). It solves for such
G the inverse problem concerning the admissible values of |E∗ : N(M/E)|.
Proposition 2.7. In the setting of Proposition 2.6, if [M : E] = [M˜ : E],
then the Sylow p-subgroups of G(M/E) are abelian, for every p ∈ P.
Conversely, let G be a finite group with o(G) = m and abelian Sylow
subgroups, and let n ∈ N divide m and be divisible by |G : [G,G]|. Then there
exist subfields En and Mn of Q, such that En is a strictly PQL-field, Mn/En
is a Galois extension with G(Mn/En) ∼= G, and |E∗n : N(Mn/En)| = n.
Proof. Our former assertion can be deduced from Proposition 2.6 and Galois
theory. The proof of the latter one relies on the existence of subfields Em
and Mm of Q satisfying the following conditions (see [7], Sect. 4):
(2.1) (i) Em is a strictly PQL-field, P (Em) := P equals the set of all prime
numbers, and the characteristic system {vm(p) : p ∈ P} has the property
that vm(p) induces on Q the natural p-adic absolute value, for each p ∈ P ;
(ii) Mm/Em is a Galois extension with G(Mm/Em) ∼= G, and for each
p ∈ P , Mm,vm(p)′/Em,vm(p) is Galois with G(Mm,vm(p)′/Em,vm(p)) isomorphic
to a Sylow p-subgroup of G, where vm(p)
′ is a prolongation of vm(p) on M .
Let P (G) be the set of prime divisors of m, and let Gp be a Sylow p-
subgroup of G, for each p ∈ P (G). It is clear from Proposition 2.6, (2.1)
(iii) and the commutativity of the groups Gp : p ∈ P (G), that Em and Mm
have the properties required by Proposition 2.7. In particular, [M˜m : Em] =
m, where M˜m is the abelian extension of Em associated with Mm/Em, by
Proposition 2.6. We show that M˜m possesses a subfield Φm, such that
Φm∩Mm,ab = Em and ΦmMm,ab = M˜m. Identifying as we can (cf. [20], Ch.
7, Corollary 5.3) the character groups C(G) and C(Gp) with the cohomology
groups H1(G,Q/Z) and H1(Gp,Q/Z, respectively, one obtains from [28],
Ch. I, Proposition 9) that the composition corp ◦ resp of the restriction map
resp : C(G)→ C(Gp) and the corestriction corp : C(Gp)→ C(G) induces an
automorphism of the p-component C(G)p of C(G). This implies resp maps
C(G)p bijectively on a pure subgroup of C(Gp). As pure subgroups of C(Gp)
are direct summands in C(Gp) (cf. [16], Theorem 24.5), the existence of Φm
follows now from Galois theory. It is not difficult to see that Φm contains as a
subfield an abelian extension Fn of Em of degreem/n, for each n ∈ N subject
to the restrictions of Proposition 2.7. Observing that Fm ∩Mm = Em, one
obtains from Galois theory that (MmFm)/Fn is a Galois extension with
G((MmFn)/Fn) ∼= G. Fix an absolute value wn(p) of Fn extending vm(p),
for each p ∈ P , and put Wn = {wn(p) : p ∈ P}. Since, by (2.1) (i) and
Theorem 2.1, Br(En) ∼= Q/Z, we have Br(Fn,wn(p))p 6= {0}, p ∈ P , i.e.
Ω(Fn, P,Wn) is well-defined. Applying Theorem 2.2 (iii), one concludes
that if Mn = MmEn, for some minimal element En of Ω(Fn, P,Wn), then
Mn/En has the property required by Proposition 2.7. 
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3. Algebraic p-quasilocal extensions of global fields and
Galois groups of their maximal p-extensions
In this Section we characterize algebraic extensions of global fields admit-
ting local p-class field theory, for a given prime number p, and thereby prove
Theorem 2.1. Our argument is presented by the following three lemmas.
Lemma 3.1. Let E be an algebraic extension of a global field E0, such that
E(p) ⊗E Ev1 is a field, for some p ∈ P and v1 ∈ M(E), and let v2 ∈ M(E)
be nonequivalent to v1. Then:
(i) Ev2(p) = Ev2 and E(p)⊗E Ev1 is Ev1-isomorphic to Ev1(p);
(ii) Br(Ev2)p = {0} and ρE/Ev1 maps Br(E)p bijectively on Br(Ev1)p.
Proof. It is clear from Galois theory (cf. [21], Proposition 2.11) that E(p)
embeds in Ev1(p) as an E-subalgebra. IdentifyingE(p) with its E-isomorphic
copy in Ev1(p), one gets from the condition on v1 that E(p) ∩ Ev1 = E.
Note also that every extension L of Ev1 in Ev1(p) of degree p
n equals L˜Ev1 ,
for some L˜ ∈ I(E(p)/E) with [L˜ : E] = pn. If n = 1, this is implied by
Lemma 1.1, so we assume that n ≥ 2. It follows from the subnormality
of proper subgroups of finite p-groups (cf. [22], Ch. I, Sect. 6) and Ga-
lois theory that L contains as a subfield a cyclic extension L0 of Ev1 of
degree p. As L0(p) = E(p) and E(p) ⊗L0 L0,v′ is a field, v′ being a pro-
longation of v on L0 (unique when v is nonarchimedean), this enables one
to complete the proof of our assertion, arguing by induction on n. The ob-
tained result shows that Ev1(p) = E(p).Ev1 and there is an Ev1-isomorphism
Ev1(p)
∼= E(p) ⊗E Ev1 . Using again Galois theory, one also concludes that
G(E(p)/E) ∼= G(Ev1(p)/Ev1). It is now clear from Lemma 1.1 and the con-
dition on E(p) and Ev1 that p /∈ P (Ev2). Hence, by (1.2), Br(Ev2)p = {0},
so Lemma 3.1 (ii) reduces to a consequence of Proposition 1.2. 
Lemma 3.2. An algebraic extension E of a global field E0 admits local p-
class field theory, for a given p ∈ P (E), if and only if Br(E)p 6= {0} and
there exists an absolute value v of E such that E(p)⊗E Ev is a field. When
this occurs, v is unique, up-to an equivalence.
Proof. It is clear from Lemma 3.1 that Br(E)p = {0} in case E has nonequiv-
alent absolute values v1 and v2 for which E(p)⊗E Ev1 and E(p)⊗E Ev2 are
fields. This proves the concluding statement of Lemma 3.2. Suppose now
that E admits local p-class field theory. This means that E is p-quasilocal
with Br(E)p 6= {0}. Hence, by Merkurjev’s theorem [25], Sect. 4, Theorem
2, there exists D ∈ d(E) of index p, by Proposition 1.2, D⊗EEv ∈ d(Ev), for
some absolute value v of E. We show that E(p)⊗EEv is a field by assuming
the opposite. In view of Galois theory and the subnormality of proper sub-
groups of finite p-groups, then Ev contains as a subfield a cyclic extension
L of E of degree p. Since the algebras D ⊗E Ev and (D ⊗E L) ⊗L Ev are
isomorphic over Ev (cf. [27], Sect. 9.4, Corollary a), this leads to the conclu-
sion that [D] /∈ Br(L/E). The obtained result contradicts the assumption
that E is p-quasilocal, and thereby, proves that E(p)⊗E Ev is a field.
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Conversely, assume that Br(E)p 6= {0} and E(p) ⊗E Ev is a field, for
some absolute value v of E. By (1.2), then we have E(p) 6= E. Let Ev be
an algebraic closure of Ev, M a cyclic extension of E in Ev of degree p,
and E′ the intermediate field of Ev/E defined as in (1.7). We show that
[∆] ∈ Br(M/E), for each ∆ ∈ d(E) of index p. It follows from Galois theory
and the assumptions on v and M that MEv/Ev and ME
′/E′ are cyclic
field extensions of degree p. This means that v is uniquely extendable to
an absolute value vM of M , and MEv is a completion of M with respect to
vM (cf. [4], Ch. II, Theorem 10.2). Applying now (1.2), Lemma 3.1 and
Proposition 1.2, one concludes that our assertion will be proved, if we show
that [∆ ⊗E M ] ∈ Br(MEv/M). Since the algebras (∆ ⊗E M) ⊗M (MEv),
∆⊗E (MEv) and (∆⊗E (ME′))⊗ME′ (MEv) are isomorphic over MEv, it
is sufficient to establish that [∆] ∈ Br(ME′/E). This property of ∆ follows
from the fact that E′ is quasilocal, the equality [(ME′) : E′] = p and the
existence of an (ME′)-isomorphism ∆ ⊗E (ME′) ∼= (∆ ⊗E E′) ⊗E′ (ME′),
so the proof of Lemma 3.2 is complete. 
Lemma 3.3. Let E0 be a global field, E an algebraic extension of E0 ad-
mitting local p-class field theory, for some p ∈ P (E), and let v ∈ M(E) be
chosen so that E(p)⊗E Ev is a field. Then:
(i) Br(E)p is isomorphic to the group Z(p
∞) unless p = 2 and E is a
formally real field; when this is the case, v is nonarchimedean;
(ii) Br(E)2 is of order 2 in case Ev is isomorphic to R.
Proof. By [6], I, Lemma 3.6, a 2-quasilocal field E is formally real if and
only if Br(E)2 is of order 2. This, combined with (1.5) (iv), (1.7) (i), (iv)
and Lemma 3.1, proves our assertion. 
Our next result shows that an algebraic extension E of a global field E0
satisfying the condition Br(E) 6= {0} is a field with local class field theory in
the sense of [26] if and only if finite extensions of E are strictly PQL-fields.
Corollary 3.4. Let E be an algebraic extension of a global field E0 and Π(E)
the set of those prime numbers p for which GE is of nonzero cohomological
p-dimension. Then finite extensions of E are strictly PQL-fields if and only
if the following assertions hold true:
(i) Esep ⊗E Ev is a field, for some v ∈M(E);
(ii) Br(E)p 6= {0}, for every p ∈ Π(E).
Proof. Statements (1.8) and the concluding observations in [9], Sect. 1,
imply finite extensions of E are strictly PQL-fields and only if E is quasilocal
and cdp(GE) 6= 1, for any p ∈ P. In view of [5], Proposition 3.1, this
means that if E is formally real, then the Sylow pro-p-subgroups of GE are
isomorphic to Z2p, for each p ∈ Π(E)\{2}. The obtained result in fact proves
that E is real closed, since, by [18], Theorem 2.3, the algebraicity of E/Q
guarantees that abelian subgroups of GE are procyclic. Our argument also
relies on the fact [6], I, Lemma 3.6, that E is formally real and 2-quasilocal
if and only if [E(2) : E] = 2, and when this occurs, Br(E)2 is of order 2.
Hence, by the Artin-Schreier theory (cf. [22], Ch. XI, Sect. 2) and Lemma
3.3, E is a real closed field if and only if it has an absolute value v, such
that Esep ⊗E Ev is a field and Ev ∼= R. These observations prove Corollary
3.4 in the special case where E is formally real. Assuming further that E is
nonreal, we complete the proof in the following two steps:
Step 1. Suppose that E satisfies conditions (i) and (ii), and let F be a
finite extension of E in E. Then it follows from Lemmas 3.2 and 3.3 that
E is strictly PQL and Br(E)p ∼= Z(p∞), for each p ∈ Π(E). Condition
(i) is equivalent to the one that v is Henselian. The prolongation vF is also
Henselian, whence Fsep⊗F FvF is a field as well. As the exponent of Br(F/E)
divides [F : E], we have Br(F )p 6= {0}, for each p ∈ Π(E). It is now easy to
see from Lemma 3.2 that F is a strictly PQL-field.
Step 2. Assume that finite extensions of E are strictly PQL-fields, and fix
some p ∈ Π(E). Clearly, ifM/E is a finite Galois extension with p | [M : E],
and Mp is the fixed field of some Sylow p-subgroup of G(M/E), then p ∈
P (Mp). Combining Lemmas 3.2 and 3.3 with (1.8), one concludes that
Br(Mp) ∼= Br(E)p ∼= Z(p∞). In particular, p ∈ P (E), whence E(p)⊗E Ev(p)
is a field, for some v(p) ∈M(E). Let now F be a finite Galois extension of E
in Esep and v(p)
′ an absolute value of F extending v(p). In view of Lemma
1.3, then Br(Fv(p)′/Ev(p)) is of exponent dividing [F : E], so it follows from
Lemma 3.1 and the structure of Br(E)p that Br(Fv(p)′ )p 6= {0} and the
prolongation v(p)′ is unique. This means that Esep ⊗E Ev(p) is a field (cf.
[4], Ch. II, Theorem 10.2), which completes the proof of Corollary 3.4. 
Remark 3.5. Lemma 3.3 indicates that if E is an algebraic strictly PQL-
extension of a global field E0, then finite subgroups of Br(E) are cyclic.
This implies that the local reciprocity law for arbitrary strictly PQL-fields
(cf. [9], Theorem 2) has the same form as in the case of local fields. In other
words, when R/E is a finite abelian extension, E∗/N(R/E) ∼= G(R/E).
Note finally that if E is an algebraic extension of a global field E0 satisfy-
ing the equivalent conditions of Corollary 3.4, then GE is prosolvable. This
follows from (1.7) (iv) and the solvability of the Galois groups of finite Galois
extensions of local fields (cf. [15], Ch. IV, Sect. 1). When E ∈ I(E0/E0) is
merely strictly PQL, GE is rarely prosolvable, as can be seen, for example,
in the formally real case, from Theorem 2.2 and the following result.
Corollary 3.6. Let E be a formally real algebraic extension of Q admitting
LCFT, and let p ∈ P (E). Then there exists a finite Galois extension of E
with a Galois group isomorphic to the symmetric group Symp.
Proof. It is clearly sufficient to consider only the special case of p 6= 2. In
this case, by (1.2), E(p) 6= E, i.e. there exists a cyclic extension L of E of
degree p. Fix v(p) and v(2) inM(E) so that E(p)⊗EEv(p) and E(2)⊗EEv(2)
are fields. By Lemmas 3.2 and 3.3, v(p) and v(2) are nonequivalent, so it
follows from the (weak) approximation theorem (cf. [23], Ch. II, Theorem
1) and Krasner’s lemma that there exists a polynomial fp ∈ E[X] of degree
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p with the following properties: (i) the root field of fp(X) over Ev(p) is Ev(p)-
isomorphic to L⊗E Ev(p); (ii) fp(X) has exactly p− 2 zeroes in Ev(2). This
implies that the Galois groupGp of fp(X) over E is isomorphic to a transitive
subgroup of Symp with a transposition, which ensures that Gp ∼= Symp. 
4. Minimal algebraic strictly PQL-extensions of global fields
Let E0 be a global field. Theorem 2.1 shows that a field E ∈ I(E0/E0)
with P (E) 6= φ is strictly PQL if and only if it possesses a system V (E) =
{v(p) ∈ M(E) : p ∈ P (E)}, such that v(pi) is p-Henselian, for each p ∈
P (E), unless p = 2 ∈ P (E) and v(2) is archimedean. Therefore, it is
convenient to describe a number of properties of the considered fields in
the language of valuation theory. Our objective in the present Section is
to demonstrate this by proving the existence of some families of algebraic
strictly PQL-extensions of E0, in a form adequate to the needs of LCFT.
For the purpose, we need the following definition.
Definition 3. Let F be an algebraic extension of a global field E0 with
Br(F ) 6= {0}, P a subset of {p ∈ P : Br(F )p 6= {0}}, P 6= φ, and W =
{w(p) ∈M(F ) : p ∈ P} a system chosen so that Br(Fw(p))p 6= {0}, for each
p ∈ P . Assume that Π = P \ P , P (I) = Pi : i ∈ I, is a partition of P , i.e. a
sequence of nonempty subsets of P , such that ∪i∈IPi = P and Pj ∩Pj′ = φ,
for each pair of distinct indices j, j′, χ = {χi : i ∈ I} is a system of group
classes. The partition P (I) is said to be compatible with W , if the set
Wi = {w(pi) : pi ∈ Pi} consists of equivalent absolute values; the system χ
is called admissible by the pair (W,P (I)), if the following conditions hold:
(c) χi consists of Pi ∪Πi-groups, where Πi ⊆ Π, for each i ∈ I;
(cc) χi is a saturated group formation including all finite pi-groups, for
each i ∈ I and pi ∈ Pi, unless Pi = {2} and w(2) is archimedean; if Pi = {2}
and w(2) is archimedean, then χi equals the class of groups of orders ≤ 2.
When F , W , P , P (I) and χ are fixed as in Definition 4.1, we denote by
Ωχ(F,P,W ) the set of strictly PQL-fields K ∈ I(E0/F ) with P (K) = P
and a characteristic system V (K) = {v(p) : p ∈ P}, such that v(p) extends
w(p) whenever p ∈ P , the absolute values v(pi), pi ∈ Pi, are equivalent, for
each i ∈ I, and v(pi) is χi-Henselian, in case w(pi) is nonarchimedean. Our
main results concerning this set can be stated as follows:
Theorem 4.1. Let E0 be a global field and F an extension of E0 in E0,
such that Br(F ) 6= {0}. Assume that P , Π and W = {w(p) : p ∈ P} are
defined as above, P (I) = Pi : i ∈ I, is a partition of P compatible with W ,
and χ = {χi : i ∈ I} is a system of group classes admissible by (W,P (I)).
Then the set Ωχ(F,P,W ) has the following properties:
(i) Ωχ(F,P,W ) is nonempty and satisfies the conditions of Zorn’s lemma
with respect to the partial ordering inverse to inclusion;
(ii) If χi, i ∈ I, are abelian closed unless Pi = {2} and w(2) is Archimedean,
then every E ∈ Ωχ(F,P,W ) possesses a unique subfield R(E), which is a
minimal element of Ωχ(F,P,W );
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(iii) If K ∈ Ωχ(F,P,W ) is minimal, V (K) = {κ(p) : p ∈ P} is a charac-
teristic system of K, and Fw(p) is the closure of F in Kκ(p), then the degrees
of finite extensions of Fw(p) in Kκ(p) are not divisible by p.
Proof. We first show that Ωχ(F,P,W ) contains a minimal elementK with
the properties required by Theorem 4.1 (iii). Denote by R(p) the maximal
p-extension of R in E0, provided that R ∈ I(F¯ /F ) and p ∈ P. Fix an
algebraic closure Fw(p) of Fw(p) as well as an embedding θi of F in Fw(p) as
an F -subalgebra, for each i ∈ I, and consider the tower {Kn : n ∈ N} of
extensions of F in F , defined inductively as follows:
(4.1) K1 = F , and for each n ∈ N, Kn+1 is the compositum of the fields
Kn,i = {fi ∈ Kn(χi) : θi(fi) ∈ θi(Kn)Fw(p)}, i ∈ I, and Kn(pi), pi ∈ Π.
Denote by K the union ∪∞n=1Kn, and put κ(pi)(α) = w¯(pi)(θi(α)), for
each α ∈ K, in case pi ∈ Pi and i ∈ I, where w¯(pi) is the unique absolute
value of Fw(pi) extending the continuous prolongation of w(pi) on Fw(pi).
Also, let κν(p) be the absolute value of Kν induced by κ(p), for each pair
(p, ν) ∈ (P × N). We show that K is a minimal element of Ωχ(F,P,W )
with a characteristic system V (K) = {κ(p) : p ∈ P}. It follows from (1.1)
(ii) that every finite Galois extension L of K in F is isomorphic over K
to Ln ⊗Kn K, for some index n depending on L, and a suitably chosen
finite Galois extension Ln of Kn in L. Since G(Ln/Kn) ∼= G(L/K), this
ensures that Ln ∩ K = Ln ∩ Kn+1 = Kn. It is therefore clear that if
p ∈ Pi′ and G(Ln/Kn) ∈ χi′ , for some i′ ∈ I, then κn(p) and κ(p) have
unique prolongations on Ln and L, respectively. This means that if w(p) is
nonarchimedean, then κ(p) is χi′-Henselian. A similar argument also shows
that K(p) = K, in case p ∈ Π. Now fix an index i ∈ I, and a prime
pi ∈ Pi, and for each R ∈ I(E0/F ), let wR(pi) be the absolute value of
θi(R).Fw(pi) induced by w¯(pi), and R˜pi the completion of θi(R).Fw(pi) with
respect to wR(pi). Then wR(pi) is Henselian, which means that θi(R).Fw(pi)
is separably closed in R˜pi . In view of (4.1) and Definition 4.1, this result,
applied to the case of R = K, implies that pi does not divide the degrees
of finite extensions of Fw(pi) in K˜pi . Hence, by (1.3) (ii) and the behaviour
of Schur indices of central simple algebras under finite extensions of their
centres (cf. [P, Sect. 13.4]), we have Br(K˜pi)pi 6= {0}. Observing also
that there exists an F -isomorphism Kκ(pi)
∼= K˜pi acting on K as θi, one
concludes that Br(Kκ(pi))pi 6= {0} and pi does not divide the degrees of finite
extensions of Fw(p) in Kκ(pi). This, combined with (1.2) and Proposition
1.2, yields consecutively Br(K)pi 6= {0} and K(pi) 6= K; one also sees that
if Pi = {2} and w(2) is archimedean, then K is formally real and Kκ(2) ∼= R.
The assumptions of Theorem 4.1 and the obtained results indicate that
K(p) ⊗K Kκ(p) is a field, for each p ∈ P , which completes the proof of the
assertion that K ∈ Ω(F,P,W ) and V is a characteristic system of K. Since
κ(pi), pi ∈ Pi, are Henselian whenever Pi contains at least 2 elements, these
results enable one to deduce from Lemma 3.1 (ii) or Lemma 1.1 that κ(pi),
pi ∈ Pi, are equivalent, whence K ∈ Ωχ(F,P,W ). It remains to be seen that
K is a minimal element of Ωχ(F,P,W ). LetM be a proper extension of F in
K. Then there exists an index m ∈ N, such that Km ⊆M and Km+1 6⊆M .
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This means that Km(pi) 6⊆M , for some pi ∈ Π, or Km,j 6⊆M , for some j ∈ I.
In the former case, this means that MKm(pi) contains as a subfield a cyclic
extension of M of degree pi, whence pi ∈ P (M). In the latter one, it turns
out that M admits a proper finite extension M ′ in MKm,j . Let M1 be the
normal closure of M ′ in E0 over M . Then M1 is a subfield of MKm(χi), so
it follows from Galois theory that G(M1/M) ∈ χi. On the other hand, (4.1),
the inequality M ′ 6=M and the inclusions M ⊆M ′ ⊆MKm,j indicate that
the absolute value of M induced by κ(pj), for a given pj ∈ Pj , has at least
2 different prolongations on M ′ and on M1. Applying now Lemma 3.1, one
sees that M 6∈ Ωχ(F,P,W ), i.e. K is minimal in Ωχ(F,P,W ), as claimed.
In the rest of the proof of Theorem 4.1 we identify the completions Ev(pi),
pi ∈ Pi, for each i ∈ I. Our considerations rely on the following lemma.
Lemma 4.2. Let E0 be a global field, E and T extensions of E0 in E0, such
that T ⊆ E, and let v ∈ M(E) and u be the absolute value of T induced by
v. Assume that E and T admit local p-class field theory, for some p ∈ P (E),
and E(p)⊗E Ev is a field. Then T (p)⊗T Tu is a field and p ∈ P (T ).
Proof. Since Tu is isomorphic to the closure of T in Ev, this can be deduced
from (1.8) and Lemmas 3.1 (ii) and 3.2. 
We turn to the proof of Theorem 4.1 (i). Fix an element E of Ωχ(F,P,W ),
a characteristic system V (E) = {v(p) : p ∈ P} of E, and a nonempty linearly
ordered subset Λ of I(E/F )∩Ωχ(F,P,W ). Denote by L the intersection of
the fields from Λ, and by vL(p) the absolute value of L induced by v(p), for
each p ∈ P . We show that L ∈ Ωχ(F,P,W ) and V (L) = {vL(p) : p ∈ P}
is a characteristic system for L. Note first that P (L) = P . Indeed, (1.2),
(1.8) and Theorem 2.1 indicate that Br(L)p 6= {0} and L(p) 6= L, for every
p ∈ P . Assuming that p˜ ∈ P \ P , one obtains from Galois theory that
L(p˜).R/R is a p˜-extension, which yields L(p˜).R = R, for each R ∈ Λ, and so
proves that L(p˜) = L. Suppose now that i ∈ I, pi ∈ Pi, R ∈ Λ, vR(pi) is the
absolute value of R induced by v(pi), and Σi is an algebraic closure of Ev(pi).
Identifying E0 with its L-isomorphic copy in Σi, and LvL(p) and RvR(pi)
with the closures in Ev(pi) of L and R, respectively, one obtains from Galois
theory, general properties of tensor products (cf. [P, Sect. 9.2, Proposition
c]), the choice of vR(pi), and Lemma 4.2 that R(χi) ∩ RvR(pi) = R. Since
L(χi).R ⊆ R(χi), this implies that L(χi)∩LvL(pi) ⊆ R. As R is an arbitrary
element of Λ, the obtained result proves that L(χi) ∩ LvL(pi) = L. This
means that L(χi)⊗L LvL(pi) is a field, so Theorem 4.1 (i) is proved.
Our objective now is to prove Theorem 4.1 (iii). Let L be a minimal
element of Ωχ(F,P,W ) and V (L) = {λ(p) : p ∈ P}. It is clearly sufficient
to show that L can be viewed as an extension of F defined in accordance
with (4.1). Identifying, for each i ∈ I and pi ∈ Pi, L with its canonically
isomorphic copy in Lλ(pi), and Fw(pi) with the closure of F in Lλ(pi), fix an
embedding ji of L in Σi as an E-subalgebra. Also, let K be the union of
the extensions Kn : n ∈ N, of F in E associated with the maps ji : i ∈ I,
as in (4.1). Proceeding by induction on n, and arguing as in the proof of
Theorem 4.1 (i), one obtains that Kn ⊆ E, for every n ∈ N, i.e. K ⊆ E.
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Since K is a minimal element of Ωχ(F,P,W ), this yields K = E, and so
completes the proof of Theorem 4.1 (iii).
It remains for us to prove Theorem 4.1 (ii). In view of Theorem 4.1 (i),
it suffices to show that if E ∈ Ωχ(F,P,W ), then Iχ(E/F ) contains a unique
minimal element. Assuming the opposite, take a field E ∈ Ωχ(F,P,W ) so
that Iχ(E/F ) contains two different elements, say, K and L. As shown in the
proof of Theorem 4.1 (iii), K = ∪∞n=1Kn and L = ∪∞n=1Ln, the unions being
defined as in (4.1). As K 6= L, this means that Kn = Ln and Kn+1 6= Ln+1,
for some n ∈ N. Specifically, Kn,i 6= Ln,i, for some i ∈ I. In view of (1.6),
this means that Ri(χi) = Ri, where Ri = Kn,iLn,i. Hence, by Definition 3
and the assumptions of Theorem 4.1 (ii), pi /∈ P (Ri), for any pi ∈ Pi. It
is therefore clear from (1.8) that Br(R′i)pi = {0}, for every R′i ∈ I(E0/Ri)
and each pi ∈ Pi. Since E ∈ I(E0/Ri) and Br(E)pi = {0} when pi runs
across Pi, this is a contradiction proving our assertion about Iχ(E/F ), the
concluding step towards the proof of Theorem 4.1.
Proof of Theorem 2.2. Statements (i), (iii) and (iv) are obtained by ap-
plying Theorem 4.1 to the special case in which I = P and, for each p ∈ P ,
χp is the formation of finite p-groups unless 2 ∈ P and w(2) is archimedean.
Since the class of solvable groups is closed under taking subgroups, quotient
groups and group extensions, this enables one to deduce Theorem 2.2 (ii)
from Galois theory and (4.1).
Corollary 4.3. Let E0 be a global field, F an algebraic extension of E0, such
that Br(F ) 6= {0}, and P a nonempty subset of P, for which Br(F )p 6= {0},
p ∈ P . Then the set ΩP (E0/F ) of strictly PQL-fields Σ ∈ I(E0/F ) with
P (Σ) = P is nonempty. Moreover, every K ∈ ΩP (E0/F ) possesses a unique
subfield R(K) that is a minimal element of ΩP (E0/F ).
Proof. It is easily obtained from (1.8) and Lemma 4.2 that ΩP (E0/F ) equals
the union of the sets Ω(F,P,W ), taken over all W admissible by Definition
1. Observing also that I(E/F ) ∩ ΩP (E0/F ) ⊆ Ω(F,P,W ), for each E ∈
Ω(F,P,W ), one proves our assertions by applying Theorem 4.1 to the set
Ωχ(F,P,W ) considered in the proof of Theorem 2.2, for an arbitrary system
W = {w(p) ∈M(F ) : p ∈ P}, such that Br(Fw(p))p 6= {0}, p ∈ P . 
Corollary 4.4. Under the hypotheses of Theorem 4.1, suppose that F = E0,
2 ∈ P , w(2) is Archimedean, K is a minimal element of Ωχ(F,P,W ), and n
is an integer ≥ 5. Then I(E0/K) contains Galois extensions Mk, Lk, k ∈ N,
of K, such that G(Mk/K) ∼= Symn and G(Lk/K) ∼= Altn, for every k ∈ N.
Proof. Let d1 and d2 be squarefree integers, such that d1 < 0 < d2 and
d2 ∈ E∗20 (the existence of d2 is implied Lemma 1.1). It is known (cf. [17])
that there exists a set {Ak, Bk : k ∈ N} of Galois extensions of Q in F with
G(Ak/Q) ∼= G(Bk/Q) ∼= Symn,
√
d1 ∈ Ak and
√
d2 ∈ Bk, for every k ∈ N.
Note also that the Galois closure K ′ of K in F over F has a prosolvable
Galois group. Since, by the proof of Theorem 4.1, K is obtained from F
in accordance with (4.1), and the class of solvable groups is closed under
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taking subgroups, quotient groups and group extensions, the prosolvability
of G(K ′/F ) can be deduced from Galois theory and the solvability of finite
groups of odd order [FT]. Hence, by Galois theory and the simplicity of
Altn, n ≥ 5, when k is sufficiently large, the fields AkK and BkK are Galois
extensions of K with G(AkK/K) ∼= Symn and G(BkK/K) ∼= Altn. 
Remark 4.5. Corollary 4.4 retains validity, if F = E0, 2 ∈ P and, in terms of
Definition 3, Pj = {2} and Πj contains at most one element, for some j ∈ I;
in particular, this holds when P\P contains at most one element and w(2) is
nonequivalent to w(p), for any p ∈ P \ {2}. Indeed, in this case, G(K ′/F ) is
prosolvable, K ′ being again the Galois closure of K in E0 over F (as follows
from the solvability of finite groups of odd or biprimary order). Omitting
the details, note that the extensions Ak and Bk of F can be constructed as
root fields of polynomials in F [X] of degree n with a suitably chosen local
behaviour (ensured by applying the approximation theorem).
Proposition 4.6. In the setting of Theorem 4.1, let F be a global field.
Then the minimal elements of Ωχ(F,P,W ) form a single F -isomorphism
class if and only if some of the following assertions holds true:
(i) P = P1;
(ii) P = P and for each i ∈ I, pi ∈ Pi, the system Wi = {w(qi) : qi ∈ Pi}
contains all w(p) ∈W that are equivalent to w(pi).
Proof. We first show that if none of conditions (i) and (ii) holds, then
Ωχ(F,P,W ) contains a pair of nonisomorphic fields (over F ). Our argument
relies on two observations the latter of which is a special case of Lemma 1.1:
(4.2) (i) If E1 and E2 are fields lying in Ωχ(F,P,W ), with characteristic
systems V (Eu) = {vu(p) : p ∈ P}, u = 1, 2, and if there exists an F -
isomorphism ϕ: E1 → E2, then the absolute values v1(p) and v2(p) ◦ ϕ of
E1 are equivalent, for each p ∈ P ;
(ii) If pi ∈ P, p ∈ P and S is a finite subset of W , then there exists a
cyclic extension Φpi of F in Fsep, such that [Φpi : F ] = pi and each s ∈ S has
pi distinct prolongations on Φpi.
Suppose first that pi 6∈ P and there exist p1, p2 ∈ P , for which w(p1) is not
equivalent to w(p2). Assume also that S = {w(p1), w(p2)}, fix a generator
ψpi of G(Φpi/F ) and prolongations w(p1)′ and w(p′2) on Φpi of w(p1) and
w(p2), respectively. By Lemma 1.3, the set Su of absolute values of Φpi
extending w(pu) equals {w(pu)′ ◦ ψjpi : j = 0, 1, ..., pipi − 1}, for each index u.
It is therefore clear that Φpi ∈ I(E/F ), for any E ∈ Ωχ(F,P,W ). PutWu =
{wu(p) : p ∈ P}, where wu(p) is a prolongation of w(p) on Φpi, for each p ∈ P ,
w1(pu) = w(pu)
′ and w2(pu) = w(pu)
′ ◦ ψu−1pi : u = 1, 2. Applying (4.1) and
Lemma 1.3, one obtains that Ωχ(F,P,w) contains minimal elements E1 and
E2 possessing characteristic systems V (E1) and V (E2), respectively, such
that V (Eu) = {vu(p) : p ∈ P} and vu(p) extends wu(p) whenever p ∈ P and
u = 1, 2. Hence, by (4.2) (i) and the choice of wu(p1) and wu(p2), the fields
E1 and E2 are not isomorphic over F .
Suppose now that there exist different indices j, m ∈ I, for which {w(p′) :
p′ ∈ Pj∪Pm} consists of equivalent absolute values. Assume also that pi ∈ Pj
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and S = {w(pi)}, and fix some p ∈ Pm. It is easily verified that the field Φpi
considered in (4.2) (ii) is included in all fields from Ωχ(F,P,W ). Arguing
as in the case of pi /∈ P , one obtains that Ωχ(F,P,W ) contains minimal
elements E1 and E2, such that the system {v1(p′) ∈ V (E1) : p′ ∈ P1 ∪ Pm}
consists of equivalent absolute values, whereas {v2(p′) ∈ V (E2) : p′ ∈ Pi ∪
Pm} does not possess this property. It is therefore clear from (4.2) (i) that E1
and E2 are not F -isomorphic, which completes the proof of the left-to-right
implication of Proposition 4.6.
Conversely, let some of conditions (i), (ii) be in force, take minimal ele-
ments K and L of Ωχ(F,P,W ), as well as characteristic systems V (K) =
{κ(p) : p ∈ P} and V (L) = {λ(p) : p ∈ P}, and for each n ∈ N, denote by
Kn and Ln the fields in I(K/F ) and I(L/F ), respectively, defined in accor-
dance with (4.1). Also, let κn(p) and λn(p) be the absolute values of Kn
and Ln, induced by κ(p) and λ(p), respectively, for any index n. Proceeding
by induction on n (and taking the inductive step by a repeated application
of Lemma 1.3), one proves the existence of a sequence ψ = {ψn : n ∈ N}
of F -isomorphisms ψn : Kn → Ln, such that ψn+1 extends ψn and κn(p)
equals the composition λn(p)◦ψn, for each pair (n, p) ∈ N×P . The sequence
ψ gives rise to an F -isomorphism K ∼= L, so Proposition 4.6 is proved. 
Proposition 4.6 shows that if F is a global field, then the minimal elements
of Ω(F,P,W ) form an F -isomorphism class if and only if P contains only
one element or P = P and W consists of pairwise nonequivalent absolute
values. The concluding result of this Section determines the structure of the
Brauer groups of algebraic strictly PQL-extensions of global fields, and gives
a classification of abelian torsion groups realizable as such Brauer groups.
Proposition 4.7. Let E0 be a global field, T be a nontrivial divisible abelian
torsion group, P (T ) the set of those p ∈ P for which Tp 6= {0}, and T0 the
direct sum ⊕p∈P0(T )Z(p∞), where P0(T ) = P (T )\{2}. Then T ∼= Br(E(T )),
for some strictly PQL-field E(T ) ∈ I(E0/E0), if and only if T is isomorphic
to one of the following groups:
(i) the direct sum of T0 by a group of order 2; when this occurs, E(T ) is
formally real;
(ii) ⊕p∈P (T )Z(p∞); in this case, E(T ) is nonreal and can be chosen so
that its finite extensions are strictly PQL.
Proof. Let E be an extension of E0 in E0. It is clear from (1.2) that
Br(E)q = {0}, for every q ∈ P \ P (E). This, combined with Lemma 3.3
and Theorems 2.1 and 2.2, proves all assertions of Proposition 4.7 except
the one that if T is of type (ii), then E(T ) can be chosen so that its fi-
nite extensions are strictly PQL. At the same time, Theorem 4.1, applied
to a saturated group formation χ (including the class of finite p-groups, for
every p ∈ P (T )), the partition P = P1 = P (T ), and a nonarchimedean
absolute value w1 of E0, indicates that there exists a χ-Henselian algebraic
strictly PQL-extension E of E0 with P (E) = P (T ). Hence, by Lemma 3.3,
Br(E) ∼= T if and only if T is of type (ii). By Corollary 3.4, when χ is the
formation of all finite groups, finite extensions of E are strictly PQL, so the
obtained result completes the proof of Proposition 4.7. 
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5. Hasse norm principle
In this Section we prove the validity of the Hasse norm principle for arbi-
trary finite Galois extensions of the fields pointed out at the end of the Intro-
duction. By Theorem 2.1, this applies to algebraic strictly PQL-extensions
of global fields, which is used for proving Theorem 2.3 and Proposition 2.4.
Theorem 5.1. Assume that E0 is a global field and E is an extension of
E0 in E0, such that the set Sp(E) = {v ∈M(E) : Br(Ev)p 6= {0}} is finite,
for each p ∈ P. Let M/E be a finite Galois extension. Then:
(i) N(M/E) contains every λ ∈ E∗ satisfying the inequalities v(λ− 1) <
ε : v ∈ ∪p∈P (M/E)Sp(E), for a some real number ε > 0 depending on M/E;
(ii) N(M/E) = Nloc(M/E); an element c ∈ E∗ lies in N(M/E) if and
only if c ∈ N(Mv′/Ev) whenever v ∈ ∪p∈P (M/E)Sp(E) and v′ is an absolute
value of M extending v.
Proof. We first show that N(M/E) ⊆ Nloc(M/E), i.e. of N(Mv′/Ev), for
v ∈ E, and an arbitrary prolongation v′ of v on M . Identifying Ev with the
topological closure of E in Mv′ , one obtains without difficulty that Mv′/Ev
is a Galois extension with G(Mv′/Ev) ∼= G(M/(M ∩ Ev)). Observing also
that NM
v′
Ev
(µ) = NMF (µ), for every µ ∈M∗, where F =M ∩Ev, one deduces
the required inclusion from the following lemma proved in [6], II.
Lemma 5.2. Assume that E, M and F are fields, such that M/E is a
finite Galois extension and F ∈ I(M/E). For each p ∈ P (M/E), let Lp be
the fixed field of some Sylow p-subgroup Gp of G(M/E). Then N(M/E) ⊆
N(M/F ) and N(M/E) = ∩p∈P (M/E)N(M/Lp).
Note that the class of fields satisfying the conditions of Theorem 5.1 is
closed under the formation of finite extensions. This follows from (1.8) and
the fact that absolute values of fields have finitely many prolongations on
their finite extensions. Hence, by Lemma 5.2, it suffices to establish the rest
of Theorem 5.1 in the special case where M ⊆ E(p).
Lemma 5.3. Under the hypotheses of Theorem 5.1, let M/E be a finite
p-extension, for some p ∈ P. Then:
(i) An element c ∈ E∗ lies in N(M/E), provided that c ∈ N(Mv′/Ev)
when v runs across Sp(E) and v
′ is a prolongation of v on M ;
(ii) There exists a real number ε > 0, such that N(M/E) contains every
λ ∈ E∗ satisfying v(λ− 1) < ε : v ∈ Sp(E).
Proof. For each v ∈ Sp(E) and any absolute value v′ of M extending v , de-
note by v¯ and v¯′ their continuous prolongations on Ev and Mv′ respectively.
Also, let ηv′ be a primitive element of Mv′/Ev taken so that v¯
′(ηv′ − 1) < 1,
and let hv′(X) be the minimal polynomial of ηv′ over Ev′ . It follows from
Krasner’s lemma that Mv′/Ev contains as a primitive element a root of the
polynomial hv′(X)+(λv−1).av′ , provided that av′ is the free term of hv′(X)
and λv is any element of E
∗
v for which v¯(λv − 1) is sufficiently small. As
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Sp(E) is finite, this enables one to deduce Lemma 5.3 (ii) from Lemma 5.3
(i) and [6], I, Lemma 4.2 (ii).
We prove Lemma 5.3 (i). Suppose that [M : E] = pn, for some n ∈
N, fix a field F ∈ I(M/E) so that [F : E] = p, and denote by ϕ some
generator of G(F/E). Assume that c ∈ Nloc(M/E). Considering the cyclic
E-algebra (F/E,ϕ, c), one obtains from Proposition 1.2 and [27], Sect. 15.1,
Proposition b, that c ∈ N(F/E), which proves Lemma 5.3 in case n = 1.
Let now n ≥ 2 and α ∈ F ∗ be an element of norm NFE (α) = c. We show
that there exists β ∈ F ∗, such that α(ϕ(β)β−1) ∈ N(M/F ). Denote by
S(F ) the set of absolute values of F extending elements of M(E) and by
S˜p(F ) the subset of S(F ) consisting of prolongations of elements of Sp(E).
It is clear from (1.8) that Sp(F ) ⊆ S˜p(F ) and equality holds in case E is a
nonreal field. Proceeding by induction on n, one concludes that it suffices
to establish the existence of β, under the hypothesis that N(M/F ) has the
properties required by Lemma 5.3. Fix an element ω of Sp(F ) as well as a
prolongation v′ of ω on M , and denote by v the absolute value of E induced
by ω. Suppose first that ω is the unique prolongation of v on F . Then Fω is
Ev-isomorphic to F ⊗E Ev. This means that Fω/Ev is a cyclic extension of
degree p, or equivalently, that ϕ extends uniquely to an Ev-automorphism
ϕω of Fω. As c ∈ N(Rv′/Ev), NFE (α) = c and E is dense in Ev, the obtained
result, combined with Hilbert’s Theorem 90 and the inductive hypothesis,
proves that αϕ(βv′ )β
−1
v′ ∈ N(Rv′/Fω), for some βv′ ∈ F ∗.
Suppose finally that v is not uniquely extendable on F , and fix a real
number ε > 0. Then, by Lemma 1.3, the compositions ω ◦ ϕi := ωi, i =
0, ..., p−1, are the prolongations of v on F (and are pairwise nonequivalent).
Note also that E is a dense subfield of Fω0 , ..., Fωp−1 , so one can find elements
c0, ..., cp−1 of E
∗ so that ωi(α−ci) < ε, for each index i. Clearly, E∗ contains
elements µ0, ..., µp−1 satisfying the equalities µjµ
−1
j+1 = cj : j = 0, ..., p −
2, and by the approximation theorem, there exists βω ∈ F ∗, such that
ωj(βω − µj) < ε, for every j ∈ {0, ..., p − 1}. Therefore, the product αω :=
αϕ(p−1)(βω).β
−1
ω satisfies the inequalities ωj(αω − 1) < ε, j ∈ {0, ..., p − 2},
and ωp−1(αω − c) < ε. When ε is sufficiently small, this ensures that αω ∈
N(Mvi/Fωi), provided that i ∈ {0, 1, ..., p− 1} and vi is an absolute value of
M extending ωi (cf. [23], Ch. II, Proposition 2). Summing up the obtained
results and using again the approximation theorem, one concludes that there
exists β ∈ F ∗ such that αϕ(β)β−1 ∈ N(Mω′/Fω), for each ω ∈ Sp(F ), and
any prolongation ω′ of ω on M . Now the inductive hypothesis leads to the
conclusion that αϕ(β)β−1 ∈ N(M/F ) and c ∈ N(M/E), which completes
the proof of Lemma 5.3 and Theorem 5.1. 
Corollary 5.4. Assume that E0, E and Sp(E), p ∈ P, satisfy the conditions
of Theorem 5.1, R is a finite extension of E in Esep,M is the normal closure
of R in Esep over E, f is a norm form of R/E, and c is an element of E
∗.
Then c ∈ N(R/E) if and only if c is presentable by f over Ev, for each
v ∈M(E). This occurs if and only if c is presentable by f over Ev, for each
v lying in the union ∆(R/E) of the sets Sp(E), p ∈ P (M/E).
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Proof. The assertion that c ∈ N(R/E) is obviously equivalent to the one
that c is presentable by f over F . Since N(M/E) ⊆ N(R/E) (cf. [22],
Ch. VIII, Sect. 5), Lemmas 5.2 and 5.3 indicate that N(R/E) includes as a
subgroup the set Σε = {λ ∈ E∗ : v(λ− 1) < ε, v ∈ ∆(R/E)}, for some ε > 0
depending on M/E. Suppose now that c is presentable by f over Ev, for
each v ∈ ∆(R/E), and fix a positive number ε′. The polynomial f maps Ev
continuously into itself, for each v ∈ ∆(R/E), so the approximation theorem
implies the existence of an element cε′ ∈ N(R/E) such that v(c − cε′) < ε′,
v ∈ ∆(R/E). It is therefore clear that c.c−1ε′ ∈ N(R/E) when ε′ is sufficiently
small, so Corollary 5.4 is proved. 
Corollary 5.5. In the setting of Corollary 5.4, Nloc(R/E) ≤ N(R/E).
Proof. Our argument relies on the known fact NRE (ρ) =
∏t
j=1N
Rωj
Ev
(ρ), for
each ρ ∈ R∗, v ∈ M(E), where ωj : j = 1, ..., s, are the prolongations
of v on R (cf. [22], Ch. XII, Proposition 10). Also, it follows from the
approximation theorem that if cj ∈ E∗ ∩N(Rωj/Ev): j = 1, ..., t, and ε is a
real positive number, then there is ρv ∈ R∗, such that v(cj −N
Rωj
Ev
(ρv)) < ε,
for each index j. This implies that if c ∈ Nloc(R/E), then one can find
an element αε ∈ R∗ so that v(NRE (αε) − c) < ε, for every v ∈ ∆(R/E).
Therefore, Lemmas 5.2 and 5.3 yield NRE (αε).c
−1 ∈ N(M/E), in case ε is
sufficiently small. Hence, Nloc(R/E) ⊆ N(R/E), as claimed. 
To prove Theorem 2.3 we also need the following lemma.
Lemma 5.6. Let E be an algebraic extension of a global field E0 and R a
finite separable extension of Ev, for some v ∈ M(E). Also, let E′ be the
subfield of Ev defined in (1.7), R
′ the separable closure of E′ in R, and R0
the maximal abelian extension of Ev in R. Then N(R/Ev) = N(R0/Ev)
and N(R′/E′) = E′∗ ∩N(R/Ev).
Proof. It follows from (1.7) and [6], Theorem 8.1, that E′ is separably closed
in Ev. Therefore, for each finite extension L of Ev in Ev,sep, the norm
map NLEv is a prolongation of N
L′
E′ , L
′ being the separable closure of E′ in
L. Considering R with its unique absolute value extending the continuous
prolongation v¯ of v on Ev, one obtains as in the proof of Lemma 5.3 (ii) that
N(R/Ev) includes the set {λ ∈ E∗v : v¯(λ − 1) < ε}, for some real number
ε > 0. These observations show that E∗v = E
′∗N(R/Ev) and N(R
′/E′) =
E′∗ ∩N(R/Ev). Let Σ be the normal closure of R in Ev,sep over Ev, and let
F ′ be the algebraic closure of E′ in F , for each F ∈ I(Σ/Ev). It is clear from
(1.3) and (1.4) that Σ/Ev is a Galois extension and the mapping of I(Σ/Ev)
into I(Σ′/E′) by the rule F → F ′ is bijective. Applying (1.4), (1.7) (ii) and
Galois theory to Σ′/E′, one also obtains that R′0 is the maximal abelian
extension of E′ in R′. Since E′ is quasilocal and ρE′/L′ is surjective, for
every finite extension L′ of E′ (the latter follows from (1.5) (iv) and the
Albert-Hochschild theorem, see [28], Ch. II, 2.2), this enables one to deduce
from [10], Theorem 1.1 (i), that N(R′/E′) = N(R′0/E
′). Observing now
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that N(R0/Ev) = N(R
′
0/E
′)N(R/Ev) = N(R
′/E′)N(R/Ev), one concludes
that N(R0/Ev) ⊆ N(R/Ev). The inclusion N(R/Ev) ⊆ N(R0/Ev) follows
at once from the transitivity of norm maps in towers of finite separable
extensions (cf. [22], Ch. VIII, Sect. 5), so Lemma 5.6 is proved. 
Proof of Theorem 2.3 and Proposition 2.4. In view of Theorem 2.1 and
Lemma 3.1, E satisfies the conditions of Theorem 5.1. This reduces Propo-
sition 2.4 to a special case of Corollary 5.4, and enables one to deduce from
Corollary 5.5 that Nloc(R/E) ⊆ N(R/E). It follows from Lemma 3.3 and
the former part of (1.5) (iii) that Ev(p) admits local p-class field theory, for
every p ∈ P (E). Since NRE (ρ) =
∏
v(p)′∈Σp
N
Rv(p)′
Ev(p)
(ρ), for each ρ ∈ R∗,
these observations, combined with Theorem 2.1 and Lemma 5.6, prove that
N(R/E) = N(F1/E) and Nloc(R/E) = N(F2/E), where Fj ∈ I(E0/E),
j = 1, 2, are determined by Theorem 2.3 (iii) and (iv). They also show
that F1 ⊆ F2 and P (F2/E) ⊆ P (M/E). Now Theorem 2.3 (ii) can be de-
duced from Burnside-Wielandt’s characterization of nilpotent finite groups
(cf. [19], Ch. 6, Sect. 2), Galois theory and Lemma 3.1 (i). As the latter
part of Theorem 2.3 (i) is contained in Remark 3.6, Theorem 2.3 is proved.
We conclude this Section with an example of a field extension R/E sat-
isfying the conditions of Theorem 2.3, for which Nloc(R/E) 6= N(R/E).
Example. Let w(p) the p-adic absolute value of Q, for each p ∈ P, W =
{w(p) : p ∈ P}, E a minimal element of Ω(Q,P,W ), V = {v(p) : p ∈
P} a characteristic system of E, and R = E(α), where α ∈ Q is a root
of the polynomial f(X) = X4 + 8X2 + 256X − 20. Denote by g(X) =
X3 − 16X2 + 144X + 2562 the resolution polynomial of f(X), and put
Q2 = Q2,sep. It is easily verified that f(X) has roots in Q3 and in the
subfields Q2(
√
2) and Q2(
√−10) of Q2, but has no roots in Q2 (cf. [23],
Ch. II, Proposition 2). It is similarly obtained that g(X) is irreducible
over Q3 and the discriminant d(g) = d(f) lies in Q
∗2
3 . Observing also that
−5d(f) ∈ Q∗22 , whereas −5 6∈ Q∗22 , one proves that f(X) and g(X) are
irreducible over Q with Galois groups Gf ∼= Sym4 and Gg ∼= Sym3. These
results, combined with Theorem 2.2 (iii), imply that g(X) and f(X) remain
irreducible over E with the same Galois groups. They also show that v(p)
has two nonequivalent prolongations v1(p) and v2(p) on R, for p = 2, 3.
Hence, by Theorem 2.3, N(R/E) = E∗ and Nloc(R/E) is a subgroup of
E∗, such that E∗/Nloc(R/E) is noncyclic of order 12. Moreover, it becomes
clear that an integer β not divisible by 3 lies in Nloc(R/E) if and only if β
or −2β ∈ Q∗22 . In particular, −20 6∈ Nloc(R/E).
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